In this paper, the counter-current imbibition phenomenon in two phase fluid through fracture porous media is discussed and Adomian decomposition method is applied to find the saturation of wetting phase and the recovery rate of the reservoir. A simulation result is developed for the saturation of wetting phase in fracture matrix and in porous matrix for some interesting choices of parametric value to study the recovery rate of the oil reservoir with dimensionless time. This problem has a great importance in the oil recovery process.
Introduction
Modelling of fluid flow in fracture porous media with deformable matrix is a subject of great interest as well as one of the most challenging problems in the application of oil reservoir problems. Over the past four decades, the study on the fluid flow in fractures and porous media in under ground petroleum reservoir is much focussed. When a well is drilled, the pressure inside the formation pushes the oil deposits from the fissures and pores where it collects and into the well where it can be recovered. Oil recovery by imbibition process is accomplished by contacting water with the porous solid. If the rock is water-wet, the displacement of oil by water without any external forces gives rise to a pressure gradient is known as imbibition. The rate of water imbibition varies with the square root of abso-lute permeability and interfacial tension between two liquids. It is a function of viscosity of both oil and water and a complex function of relative permeability and capillary pressure. The effectiveness of this process depends on several parameters; including matrix block size, rock porosity and permeability, fluid viscosities, interfacial tensions, and rock wettability (Graham and Richardson [5] ).
Several authors discussed the imbibition recovery is a function of time and Aronofsky et al. [2] first proposed that oil recovery by spontaneous imbibition as a function of time could be modeled by a simple exponential function:
Where R is the recovery, R ∞ is the ultimate recovery and γ is a constant that best matches the data with a value of approximately 0.5.It was proposed for strongly water-wet media and ignores the effects of wettability and here we have defined the dimensionless time as T = Kc β L 2 μw t to study the recovery rate with dimensionless time. Many researchers studied this phenomenon with different approaches. Graham and Richardson et.al [5] , Scheidegger et.al [20] , Bokserman et. al. [3] described the physics of oil-water motion in porous medium. Verma et.al [23] employed a perturbation procedure and similarity methods to obtain an explicit analytical solution of the imbibition phenomena and studied the stabilization of fingers in a slightly heterogeneous cracked porous medium. Mehta and Verma [7] used a singular perturbation approach and discussed analytically the phenomenon of imbibition in homogenous porous media. Standnes [21] discussed the co-current and counter-current spontaneous imbibition experimentally and studied the impact of boundary conditions on oil recovery. Tavassoli, Zimmerman and Blunt [22] discussed the gravitational effect and Fischer, Wo and Morrow [4] studied the effect of viscosity ratio analytically on counter-current imbibition in a weakly water-wet system. Mirzaei-Paiaman, Masihi and Standnes [9] studied the non-equilibrium effects during spontaneous imbibition and found its negligible effect on oil recovery. Saboorian-Jooybari, Ashoori and Mowazi [19] developed an analytical time-dependent matrix/fracture shape factor for counter-current imbibition and studied the simulation analysis of fractured reservoirs. Patel and Meher [16] discussed simulation of fingering phenomena in fluid flow through fracture porous media with inclination and gravitational effect. Mirzaei-Paiaman and Masihi [11, 12] studied the scaling of oil/gas recovery rate from fractured porous media by counter-current and by co-current spontaneous imbibition. Hamidpour, Mirzaei-Paiaman, Masihi and Harimi [10] studied experimentally the effect of some important factors on non-wetting phase recovery during spontaneous imbibition and also studied the analysis of spontaneous imbibition with resistive gravity forces: displacement characteristics and scaling. Patel et.al [15] discussed the counter-current imbibition phenomena in a heterogeneous porous media with out any external effect. Patel and Meher [17, 18] studied approximate analytical study of counter-current imbibition phenomenon in a heterogeneous porous media and study on recovery rate for counter-current imbibition phenomenon with Corey's model arising during oil recovery process.
The main objective in this paper is to provide a rigorous treatment of the theory of fluid flow and deformation in fractured porous media saturated with two immiscible fluids using dual porosity model with the consideration of the fracture deformation with the porous block and the fracture network combine. The governing differential equation is formulated by using a systematic macroscopic approach based on the theory of conservation equation of mass and Darcy's velocity. Gravity forces included with the consideration of Corey's model in the governing equations and it is furthermore argued that they are also able to properly compensate the impact of variations on saturation rate of wetting phase as well. Analytical solution for the flow equations is presented for the counter-current imbibition phenomena in a fracture porous media by using Adomian decomposition method to study the saturation of wetting phase and a simulation result is developed to study the recovery rate as a function of time, T of the reservoir. Finally the convergence analysis of the method is done by using fixed point theory in a suitable Hilbert space.
Mathematical model
For the sake of mathematical model: We consider here that a finite cylindrical piece of porous matrix of an oil formatted region having length 'L' containing viscous oil that is completely surrounded by an impermeable surface except for one end (common interface) of the cylinder which is labeled as the Imbibition face and this end is exposed to an adjacent formation of 'injected' water. When the reservoir oil (non wetting phase) is come into contact with water (wetting phase) then there is a spontaneous flow of the wetting phase (Water) into the medium and a counter flow of the resident fluid i.e. nonwetting phase (oil) from the medium initiated by imbibitions. Due to the difference in viscosities of water and oil, the water saturation on the right side of imbibitions face will travel only a small distance 'l' due to capillary pressure effect(without external force). The conservation equation of mass of oil and water can be expressed as,
denotes the porosity of the porous medium, S i denotes its saturation for each phase i, ρ i is its specific mass, and v i is its volumetric rate of flow (or, Darcy velocity) which is given by the two phase extension of Darcy's law
Where
solute permeability tensor of the porous medium, p i is its pressure, μ i is its viscosity and k i is its relative permeability depends on the saturation vector.
If the compressibility of fluid is neglected, then ρ i s are constant and the conservation equation becomes:
The imbibition condition for counter-current imbibitions and capillary pressure can be expressed due to Scheidegger [20] as
The analytical linear relationship between capillary pressure and phase saturation Meher [8] can be written as
Where β and C 0 are constant of proportionality. Since the problem is dealing with the heterogeneous fracture porous media so, the porosity and permeability of heterogeneous porous media, according to Oroveanu [14] as
where a − bx ≥ 0. Using Corey's Model [13] , the standard relationship between the relative permeability and phase saturation is given by k w = S 
Upon substituting eq. (9) in eq. (2) for phase w, it obtains
Now the conservation equation with eq. (10) can be written as (Scheidegger [20] and Pc = β C 0 + S −2 w Meher [8] ). By using the dimensionless variables
By assuming the value of the source term as
The dimensionless forms of eq. (12) can be written as
where
It leads eq. (13) in to the form as
Analysis of the method
For the purposes of illustration of the ADM, in this study we shall consider eq. (13) in an operator form as
w and S w0 (X) can be solved subject to the corresponding initial condition S w(X, 0) = f (X) = e −X .
T and the nonlinear term as NSw. Operating the inverse operator and following the analysis of Adomian decomposition, we set the recursive relation of eq. (14) as
which gives the recurrence relation as
gives the approximate analytical solution of problem eq. (13), and it can be written in the series form up to three terms as:
This represents the saturation of wetting phase during counter-current imbibition phenomena in a fractured porous media.
Convergence analysis of the Adomian decomposition method
We recall the following theorem from [6] which guarantees the convergence of Adomian's method for the general operator equation given by LS w + RSw + NSw = g.
by the set of applications:
Let us denote
Theorem 1
Let TSw = −RSw − NSw be a hemi continuous operator in a Hilbert space H and satisfy the following hypothesis: 
Proof

Verification of hypothesis (H 1 )
TSw − TS
Since ∂ 2 ∂X 2 and ∂ / ∂X are differential operator in H, then there exist constants "δ 1 " and "δ 2 " respectively, such that, according to Schwartz inequality, we get
Now, we use mean value theorem, then we have
Substituting eq. (22) in eq. (19),
Hence we find the hypothesis (H 1 ). For hypothesis (H 2 ) ,
Where E(M) = M + ing dimensional distance X fixed. Here It is observed that the saturation rate be more in fracture porous media as compared to the porous matrix near the imbibition face X = 0 implies the saturation rate be increases as the injected water reaches the fracture porous media from the porous matrix.
Effect of initial condition on phase saturation in Fracture Porous Media and Matrix Porous Media
Fig. 5 and 6 discusses the effect of initial condition on the saturation rate of wetting phase in Fracture Porous Media and in porous Matrix. Here It is observed that the saturation rate be more at the interface and closer to the imbi- bition face X = 0 and decreases as it away from the imbibition face for both fracture porous media and for porous matrix.
Comparison of capillary pressure vs. saturation of water in Fracture Porous
Media and Matrix Porous Media Fig. 7 and 8 discusses the effect of capillary pressure on saturation of wetting phase in fracture porous media and in porous matrix. Here it is observed that the capillary pressure of wetting phase decreases with saturation rate implies saturation rate will be maximum with less capillary pressure for both fracture porous media and porous ma- trix. The numerical value for saturation and capillary pressure has been discussed in Table 2 for both fracture and porous matrix.
Comparison of permeability of water vs. saturation of water in Fracture Porous
Media and Matrix Porous Media Fig. 9 and 10 discusses the effect of permeability on saturation of wetting phase in fracture porous media and in porous matrix. Here it is observed that the saturation rate will be more with higher permeability and the permeability of the medium in fracture porous media be more as compared to the porous matrix. The numerical value for saturation and permeability has been discussed in Table 3 for both fracture and porous matrix. Table 4 and 5 discusses the numerical values for saturation rate of wetting phase in both fracture matrix and porous matrix. Table 6 discusses the recovery rate of the reservoir in fracture porous media and it shows that the recovery rate be more and increases with time in fracture porous media. 
Conclusion
Here we discussed the saturation rate as well as the recovery rate for a counter-current imbibition phenomenon in a heterogeneous porous matrix and in fractures. The effect of fractures on the saturation rate rendered the problem highly nonlinear. The significant part of this study is the determination of saturation of wetting phase and the recovery rate of the oil reservoir. It is found that the saturation rate be maximum in fractures as compared to a porous matrix. The stability of the used method has been proved by using fixed point theory in a suitable Hilbert space. The simulation results for the saturation of wetting phase is shown in table 4 and 5 and the recovery rate of the reservoir in table.6 with the choice of suitable parametric values. Table-4 and 5 reveals that the saturation rate be maximum in fractures as compared to heterogeneous porous matrix implies the recovery rate of the oil reservoir be maximum in presence of a fractures in porous media which is physically consistent with the real world phenomena.
